New drilling technical and technological solutions enhance the development of directional drilling, enabling better control of direction of drilling and real-time 3D information about the position of the bit in the borehole rendered by the control and measurement apparatuses. The 2D and 3D method of designing the trajectory of a borehole axis has been modified in this paper. In both cases the minimum cost of drilling of a borehole in an interval from the beginning of its deflecting (KOP) up to the ultimate destination point was assumed to be the optimization criterion.
Introduction
The development of modern directional drilling techniques also opens possibilities for directional drilling control, mainly the change of the angle of angle of deflection, azimuth and intensity of spatial deflection (Mitchell & Miska, 2011) . They are more and more frequently used by, e.g. geologists who select a few points on one trajectory of a directional borehole axis. This usually results in a more complex trajectory and additional complications during realization of the borehole.
Recently an intense development of shale gas development and exploitation has been observed in the World. One of the most important components influencing the profitability of this type of production is the cost of performing numerous boreholes and their fracturing. By drilling a few or a dozen of boreholes in one site considerably reduces the cost of preparation of the area and considerably reduces the environmental impact of drilling operations. This solution, however, elongates the summaric length of drilling, and brings about a risk of collision between the neighboring boreholes. Therefore the design of borehole trajectories should be based on the criterion of optimized cost of drilling, and in view of technical limitations of drilling process, assumed depth of initial dogleg (KOP), target point and axes of neighboring boreholes.
Methods of designing the trajectory of directional borehole axis A number of methods of designing the trajectory of a directional borehole axis exist in the World (Mitchell & Miska, 2011) . They arbitrarily assume a definite type of trajectory, e.g. "J" or "S" type (Gonet, 1987) . Other methods account for strength parameters of the string (Miska S. & Miska W., 2006) , e.g. criterion of minimum dogleg curvature. However, more attention is paid to the cost of drilling as it significantly affects the economic aspect of the undertaking, and influences further decisions on, e.g. where or not to prospect and develop shale gas fields.
In this situation the author proposes a method of designing a directional borehole trajectory based on the criterion of the cost of drilling, casing and sealing the casing (Gonet, 1987) . It also addresses the state of the directional drilling techniques and technologies, i.e. also indicates the most economic borehole profile.
Objective function F c was written as:
where: K j -cost of drilling rocks, casing and sealing 1 m long casing in the j-th uniform price layer in the planned borehole, l j -length of borehole axis in the j-th uniform price layer, m -number of uniform price layers.
Under the notion of "uniform price layer" we understand layers, for which the total cost of drilling, casing and sealing the casing per 1 meter is the same or almost the same.
Therefore, to fully prepare the data, the uniform price layers should be determined in a directional profile of the borehole interval placed on a vertical plane crossing the initial point of deflection (KOP) and target point in its azimuth.
The boundaries between specific layers are connected with: − depth at which the borehole has been cased, − depth of sealing the casing, − change of borehole diameter, − change of drilling method (rotary, with downhole motor, drill or bit), − change of macroscopically homogeneous rocks (Miska, 1979; Wojtanowicz, 1975) .
Each layer is ascribed a unit cost of drilling, casing and sealing. The dip of layers is also specified individually for each layer (Gonet, 1981) . If the layers are parallel, then the directions of their dip are equal ( Fig. 1 ) and the calculations are shorter than for non-parallel layers. In the latter case the optimum profile is determined by the successive approximation method taking into account the spatial location of layers.
For the sake of generalization, the first vertical section of the borehole has not been considered. Therefore, analyses will start for the profile of the directional borehole axis from the point where the first interval with increased angle of deflection is drilled with the deflecting tool (Matanović, 2007; Mitchell & Miska, 2011; Pinka et al., 2007) to the final point of the directional borehole.
Two orthogonal Cartesian coordinates systems with a common point in the origin of the system (beginning of deflection of the borehole from vertical) have been presented in fig. 1 .
OX axis of the first coordinates system is vertical and downwardly oriented, whereas OY axis is horizontal. Ox axis of the other coordinates system is perpendicular to the boundary of the first and the second layer. This signifies that the other coordinates system was rotated by the directional dip of layers δ. The coordinates of the bottom of the directional borehole P 2 corresponding to the depth of deflected borehole H o (vertically) and to deflection A p (horizontally) in the other coordinates system should be calculated from the formulae:
The coordinates of specific boundaries of layers measured in vertical h j in the other coordinates system can be determined from the equation:
The trajectory of borehole axis described by function y = y (x), which should link points P 1 (0, 0) and S 0 (H, A) and realize the objective function (1), is unknown. The analysis of various trajectories was followed by an assumption that it was a third order polynomial with unknowns a, b, c, d: Two factors were determined from the condition that curve (5) crosses the beginning of deflection P 1 and end of directional borehole S 0 :
After substituting them to equation (5) the final equation of borehole axis trajectory (5) takes the form:
The length l j of directional borehole trajectory between two neighboring boundaries x j and x j -1 required for the objective function (1) is determined from the equation: 
After calculating the first derivative of function (7) and substituting it to equation (9) 
where:
For angles of deflection of borehole axis not belonging to , 4 4
it is recommended that the first derivative of function (7) were substituted to integral (8) and calculated. An alternative simplified solution lies in assuming coordinates of an indirect point at the trajectories and determining the trajectory on a shortened interval with its final angle of deflection. Then, the coordinates system should be rotated by the previously determined angle of deflection of borehole axis and the procedure of defining the trajectory repeated once or twice, depending on the target. To begin drilling of the first dogleg interval is technically limited therefore a specific drilling method is selected for the planned stage of realization. It can be assumed that the initial angle of deflection of borehole axis α is known. After accounting for the directional dip of layers δ and initial angle of borehole deflection α for the assumed function (7) there was defined coefficient c, which was equal to the first derivative at the origin of the coordinates system (Fig. 1) , and which has been written in the form:
For technological reasons the objective function should have additional limitations on keeping admissible values by doglegs k d over the entire length of the planned borehole profile (Lubinski, 1961 (Lubinski, , 1987 . The curvature k of the plot in 2D is frequently described with the formula:
Having assumed that (|y' | < 1), the equation (13) can be simplified:
After calculating the second derivative of function (5) we have an equation for the curvature of borehole axis in the form:
The curvature of the analyzed plot should meet the following dependence:
For x ∈ [0, H ] the local maximum of borehole axis occurs at the end of the interval. Thus, the following limitations were obtained from inequality (16) and coordinates of points P 1 and S 0 :
For determining the extremum of function (1), the Lagrange function F 1 was written in the form: 
where: λ 1 , λ 2 , λ 3 , λ 4 Lagrange multipliers.
For finding a conditional minimum from the objective function (19), the following derivatives were calculated from (19) after accounting for (10) and (11):
By solving a system of equations (27) - (31) we determine b, λ 1 , λ 2 , λ 3 , λ 4 . Then the coefficient a is calculated from equation (6) and we obtain the equation of curve (5) which realizes the objective function (1). This result is obtained for a profile in 2D.
Sometimes a spatial change of the azimuth of borehole axis is observed in the drilling practice. Therefore the further part of the paper is additionally devoted to the intensity of deflection of borehole axis in 3D. Then the specific parameters of the profile are determined from the bottom of the borehole to the beginning of the dogleg. With the given step, the function (4) is calculated for coordinated of S i (x i , y i , z i ). Then two coordinates of points in the first coordinates system are defined with the following formulae:
The growing lengths of the borehole trajectory l i in 2D between two successive points at small distances should be treated as a diagonal of a rectangular triangle. They can be calculated from the formula:
Otherwise, depending on the required accuracy, they should be calculated from equation (8) or (9). In 3D (OZ axis in fig. 1 ) the azimuth of the directional borehole axis is changed. From the practical point of view, the assumed change of the azimuth should preferably be ∆β per 10 borehole meters and the third coordinate z i at the section l i should be determined from the formula:
Thus, the actual length L i of borehole axis in 3D between two successive neighboring points is treated as a diagonal of cubicoid and its value is approximately:
The third coordinate of point S i of profile in the coordinates system XYZ equals to:
The following parameters of a directional borehole axis can be defined for selected coordinates:
− angle of deflection of borehole axis:
− azimuth of borehoole axis: 
It should be emphasized that by using equation (39) successively, one should reach point P 1 (Fig. 1) , where the initial azimuth is determined, and following which the first dogleg interval should be drilled.
Anticollision analysis of boreholes
Commonly more and more boreholes are being performed from one site or one drilling platform, which may result in their colliding. To avoid this it is advisable to determine the trajectory of the borehole axis and the zone in which the borehole axes will be present. This is a result of measurements of the angle of deflection, azimuth and length of the borehole, given with a definite level of uncertainty. It should be assumed for those three variables that every measurement point of the borehole axis location in 3D may be present in the so-called error ellipsoid (Fig. 1) , the parameters of which depend on the accuracy of the applied measurement equipment. The analysis should also encompass new methodics of spatial positioning of borehole axes (Landmark, 2008) . The method of minimum curvature and average angles is most commonly used. Finally, a spatial zone should be formed around each axis, with the borehole inside. Having a few boreholes already performed in a given area and a new one ahead, it is recommended to determine the zone of potential borehole axis location around each of them. Then the so-called separation coefficient should be determined This is a quotient of a distance of centers of ellipsoids located on the borehole axes at the checked depth and the sum of distances resulting from the error of measurement of existing and planned location of borehole axis projected on a horizontal plane cutting borehole axes at the closest measurement points. If the obtained separation coefficient is less than zero, the collision of boreholes is possible in practice. To lower the risk of collision of the neighboring boreholes it is recommended that the borehole trajectories were re-designed using changed parameters so that a suitable separation coefficient is obtained. It should be emphasized that the higher is its value the lower is the risk of collision. It is also purposeful to regularly monitor the actual position the drilled borehole and check it out with the assumed trajectory.
The entire procedure was described, e.g. in (Gonet et al., 2012) . It should be mentioned that those calculations are time-consuming therefore the use of computer programs should be considered, e.g. package Compass Landmark by Halliburton, 2008 . Such an approach to designing directional borehole axes allows for defining the level of risk of collision of borehole axes and checking it in when new boreholes are performed.
